
This book for the first time 
introduces neutrosophic groups, 
neutrosophic semigroups, 
neutrosophic loops and 
neutrosophic groupoids and their 
neutrosophic N-structures. 

The special feature of this book is 
that it tries to analyze when 
the general neutrosophic algebraic 
structures like loops, semigroups 
and groupoids satisfy some of the 
classical theorems for finite groups 
viz. Lagrange, Sylow and Cauchy. 

This is mainly carried out to know 
more about these neutrosophic 
algebraic structures and their 
neutrosophic N-algebraic structures. 
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PREFACE 



In this book, for the first time we introduce the notion of 
neutrosophic algebraic structures for groups, loops, semigroups 
and groupoids and also their neutrosophic N-algebraic structures. 

One is fully aware of the fact that many classical theorems like 
Lagrange, Sylow and Cauchy have been studied only in the 
context of finite groups. Here we try to shift the paradigm by 
studying and introducing these theorems to neutrosophic 
semigroups, neutrosophic groupoids, and neutrosophic loops. 
We have intentionally not given several theorems for 
semigroups and groupoid but have given several results with 
proof mainly in the case of neutrosophic loops, biloops and N- 
loops. 

One of the reasons for this is the fact that loops are 
generalizations of groups and groupoids. Another feature of this 
book is that only meager definitions and results are given about 
groupoids. But over 25 problems are suggested as exercise in 
the last chapter. For groupoids are generalizations of both 
semigroups and loops. 

This book has seven chapters. Chapter one provides several 
basic notions to make this book self-contained. Chapter two 
introduces neutrosophic groups and neutrosophic N-groups and 
gives several examples. The third chapter deals with 
neutrosophic semigroups and neutrosophic N-semigroups, 
giving several interesting results. Chapter four introduces 
neutrosophic loops and neutrosophic N-loops. We introduce 
several new, related definitions. In fact we construct a new class 
of neutrosophic loops using modulo integer Z n , n > 3, where n is 
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odd. Several properties of these structures are proved using 
number theoretic techniques. Chapter five just introduces the 
concept of neutrosophic groupoids and neutrosophic N- 
groupoids. Sixth chapter innovatively gives mixed neutrosophic 
structures and their duals. The final chapter gives problems for 
the interested reader to solve. Our main motivation is to attract 
more researchers towards algebra and its various applications. 

We express our sincere thanks to Kama Kandasamy for her help 
in the layout and Meena for cover-design of the book. The 
authors express their whole-hearted gratefulness to 
Dr.K.Kandasamy whose invaluable support and help, and 
patient proofreading contributed to a great extent to the making 
of this book. 



WBA/ASANTHA KANCASAMY 
FLOREMT1N SMARANDACHE 
2006 
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Chapter One 



Introduction 



In this chapter we introduce certain basic concepts to make this 
book a self contained one. This chapter has 5 sections. In 
section one the notion of groups and N-groups are introduced. 
Section two just mentions about semigroups and N-semigroups. 
In section 3 loops and N-loops are recalled. Section 4 gives a 
brief description about groupoids and their properties. Section 5 
recalls the mixed N algebraic structure. 



1.1 Groups, N-group and their basic Properties 

It is a well-known fact that groups are the only algebraic 
structures with a single binary operation that is mathematically 
so perfect that an introduction of a richer structure within it is 
impossible. Now we proceed on to define a group. 

DEFINITION 1 . 1 . 1 : A non empty set of elements G is said to 
form a group if in G there is defined a binary operation, called 
the product and denoted by '‘'such that 

i. a, b € G implies that a • b £ G (closed). 

ii. a, b, c e G implies a • (b • c) = (a • b) • c (associative 
law). 

Hi. There exists an element e g G such that a*e = e‘a = 
a for all a g G (the existence of identity element in G). 

iv. For ever y a g G there exists an element a ' g G such 
that a • a~ ! = a' 1 • a = e (the existence of inverse in G). 
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DEFINITION 1.1.2: A subgroup N of a group G is said to be a 
normal subgroup of G if for even’ g e G and n e N, g n g 1 e N. 

Equivalently by gNg' 1 we mean the set of all gng" 1 , n e N 
then N is a normal subgroup of G if and only if gNg’ 1 c N for 
every g e G. 

THEOREM 1.1.1: N is a normal subgroup of G if and only if 
gNg" 1 = N for every geG. 

DEFINITION 1.1.3: Let G be a group. Z(G) = {x e G \ gx = xg 
for all g e G}. Then Z(G) is called the center of the group G. 

DEFINITION 1.1.4: Let G be a group, A, B be subgroups of G. If 
x, y € G define x ~y if y = axb for some a £ A and b e B. We 
call the set AxB = {axb /a € A, b e B} a double coset of A, B in 
G. 

DEFINITION 1.1.5: Let G be a group. A and B subgroups of G, 
we say A and B are conjugate with each other if for some g e 
G,A=gBg 1 . 

Clearly if A and B are conjugate subgroups of G then o(A) = 
o(B). 

Theorem: (Lagrange). If G is a finite group and H is a 
subgroup of G then o(H) is a divisor of o(G). 

COROLLARY 1 . 1 . 1 : If G is a finite group and a g G, then o(a) / 
o(G). 

COROLLARY 1.1.2: If G is a finite group and a g G, then a u(G> 
= e. 

In this section we give the two Cauchy's theorems one for 
abelian groups and the other for non-abelian groups. The main 
result on finite groups is that if the order of the group is n (n < 
cc) if p is a prime dividing n by Cauchy's theorem we will 




always be able to pick up an element aeG such that a p = e. In 
fact we can say Sylow's theorem is a partial extension of 
Cauchy's theorem for he says this finite group G has a subgroup 
of order p“(a > 1, p, a prime). 

Theorem: (Cauchy's theorem for abelian groups). 

Suppose G is a finite abelian group and p / o(G), where p is a 
prime number. Then there is an element a ^e e G such that a p 
= e. 

THEOREM: (Cauchy): If p is a prime number and p \ o(G), 
then G has an element of order p. 

Though one may marvel at the number of groups of varying 
types carrying many different properties, except for Cayley's we 
would not have seen them to be imbedded in the class of groups 
this was done by Cayley's in his famous theorem. Smarandache 
semigroups also has a beautiful analog for Cayley's theorem 
which is given by A(S) we mean the set of all one to one maps 
of the set S into itself. Clearly A(S) is a group having n! 
elements if o(S) = n < oc, if S is an infinite set, A(S) has 
infinitely many elements. 

THEOREM: (Cayley) Every group is isomorphic to a 
subgroup of A(S) for some appropriate S. 

The Norwegian mathematician Peter Ludvig Mejdell Sylow was 
the contributor of Sylow's theorems. Sylow's theorems serve 
double purpose. One hand they form partial answers to the 
converse of Lagrange's theorem and on the other hand they are 
the complete extension of Cauchy's Theorem. Thus Sylow's 
work interlinks the works of two great mathematicians 
Lagrange and Cauchy. The following theorem is one, which 
makes use of Cauchy's theorem. It gives a nice partial converse 
to Lagrange's theorem and is easily understood. 

Theorem: (Sylow's Theorem for abelian groups) If G 

is an abelian group of order o(G), and if p is a prime number, 
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such that p a | o(G), p a+1 / o(G), then G has a subgroup of order 

a 

p ■ 

COROLLARY 1.1.3: If G is an abelian group of finite order and 
p a | o(G), p a+ / o(G), then there is a unique subgroup of G of 
order p a . 

DEFINITION 1.1.6: Let G be a finite group. A subgroup G of 
order p a , where p a / o(G) but p a i o(G), is called a p-Sylow 
subgroup of G. Thus we see that for any finite group G if p is 
any prime which divides o(G); then G has a p-Sylow subgroup. 

Theorem (First Part of Sylow's theorem): If p is a 

prime number and p a / o(G) and p a+I / o(G), G is a finite group, 
then G has a subgroup of order p a . 

Theorem: (second part of Sylow's theorem): If G is a 

finite group, p a prime and p" \ o(G) but p" + io(G), then any 
two subgroup of G of order p' 1 are conjugate. 

Theorem: (third part of Sylow's theorem): The 

number of p-Sylow subgroups in G, for a given prime, is of the 
form 1 + kp. 

DEFINITION 1.1.7: Let {G, *i, ..., *fi be a non empty set with N 
binary > operations. {G, */, *n } is called a N-group if there 
exists N proper subsets Gi, ..., G'y of G such that 

i. G = Gi UG 2 ...tj G,v. 

ii. (Gj, *i) is a group for i = 1, 2, ..., N. 

We say proper subset of G if Gj ct Gj and Gj <£ Gi if i & j for 1 < 

i, j <N. When N = 2 this definition reduces to the definition of 
bigroup. 

DEFINITION 1.1.8: Let {G, */, be a N-group. A subset H 

(V (j>) of a N-group (G, */, *n) is called a sub N-group if H 
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itself is a N-group under */, *2, ..., *n , binary operations 
defined on G. 

THEOREM 1.1.2: Let (G, * 1 , ..., be a N-group. The subset H 
^ <t> of a N-group G is a sub N-group then (H, *,■ ) in general are 
not groups for i =1, 2, ..., N. 

DEFINITION 1.1.9: Let (G, * 1 , ..., be a N-group where G = 
Gi UG 2 u ... uGn- Let (H, */, ..., *y) be a sub N-group of (G, 
* 1 , where H = Hi H 2 cj ... uH^we say (H, *n) 

is a normal sub N-group of (G, * 1 , ..., *n) if each Hi is a normal 
subgroup of Gifor i = 1, 2,..., N. 

Even if one of the subgroups H, happens to be non normal 
subgroup of Gi still we do not call H a normal sub-N-group of 
the N-group G. 

Definition 1.1.10: Let (G = Gi uG 2 u... uG N , * 1 , * 2 ,..., * N ) 
and (K = Kj UK 2 u ... uKn, * 1 , ..., *n) be any two N- groups. 
We say a map (j> : G —> K to be a N-group homomorphism if $ \ 
Gi is a group homomorphism from Gi to Kifor i = 1, 2,..., N. 

1. e. ^ | G : G, — >K t is a group homomorphism of the group Gi to 

the group H; for i = 1, 2, N. 

1.2 Semigroups and N-semigroups 

In this section we just recall the notion of semigroup, 
bisemigroup and N-semigroups. Also the notion of symmetric 
semigroups. For more refer [49-50]. 

DEFINITION 1.2.1: Let (S, o) be a non empty set S with a closed, 
associative binary operation ‘o ’ on S. (S, o) is called the 
semigroup i.e., for a, b e S, aob eS. 

DEFINITION 1.2.2: Let S(n) denote the set of all mappings of (1, 

2, ..., n) to itself S(n) under the composition of mappings is a 
semigroup. We call S(n) the symmetric semigroup of order if. 
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DEFINITION 1.2.3: Let (S = Sj u S 2 , * o) be a non empty set 
with two binary > operations * and o S is a bisemigroup if 

i. S = Si uS 2 , Si and S 2 are proper subsets of S. 

ii. (Si, *) is a semigroup. 

iii. (S 2 , o) is a semigroup. 

More about bisemigroups can be had from [48-50]. Now we 
proceed onto define N-semigroups. 



Definition 1.2.4: Let S = (Si uS 2 u ... uS N , * 2 , ..., * N ) be 
a non empty set with N binary operations. S is a N-semigroup if 
the following conditions are true. 

i. S = Si u S 2 u ... u S n is such that each S , ,• is a proper- 
subset of S. 

ii. (S h *i) is a semigroup for 1, 2, ..., N. 

We just give an example. 



Example 1.2.1: Let S = {Si u S2 u S3 u S4, *1, *2, *3, *4} 
where 



51 

5 2 

53 

s 4 



Z 12 , semigroup under multiplication modulo 12, 
S(4), symmetric semigroup, 

Z semigroup under multiplication and 



^a b A 

c d j 



a, b, c, d e Z 10 > under matrix multiplication. 



S is a 4-semigroup. 



1.3 Loops and N-loops 

We at this juncture like to express that books solely on loops are 
meager or absent as, R.H.Bruck deals with loops on his book "A 
Survey of Binary Systems ", that too published as early as 1958, 
[3]. Other two books are on ''Quasigroups and Loops'' one by 
H.O. Pflugfelder, 1990 which is introductory and the other book 
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co-edited by Orin Chein, H.O. Pflugfelder and J.D. Smith in 
1990 [25]. So we felt it important to recall almost all the 
properties and definitions related with loops [3, 47]. We just 
recall a few of the properties about loops which will make this 
book a self contained one. 

DEFINITION 1.3.1: A non-empty set L is said to form a loop , if 
on L is defined a binary > operation called the product denoted by 
’•'such that 

i. For all a, b £ L we have a • b £ L (closure property). 

ii. There exists an element e £ L such that a»e = e»a = 
a for all a £ L (e is called the identity element of L). 

iii. For every ordered pair (a, b) £ L x L there exists a 
unique pair (x, y) in L such that ax = b andya = b. 

DEFINITION 1.3.2: Let L be a loop. A non-empty subset H of L 
is called a subloop of L if H itself is a loop under the operation 
ofL. 

DEFINITION 1.3.3: Let L be a loop. A subloop H of L is said to 
be a normal subloop of L, if 

i. xH = Hx. 

ii. (Hx)y = H(xy). 

iii. y(xH) = (yx)H 

for all x, y £ L. 

DEFINITION 1.3.4: A loop L is said to be a simple loop if it does 
not contain any non-trivial normal subloop. 

DEFINITION 1.3.5: The commutator subloop of a loop L 
denoted by L' is the subloop generated by all of its commutators, 
that is, ({x £ L / x = (y, z) for some y, z £ L}) where for A cL, 
(A) denotes the subloop generated by A. 

DEFINITION 1.3.6: If x, y and z are elements of a loop L an 
associator (x, y, z) is defined by, (xy)z = (x(yz)) (x, y, z). 
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DEFINITION 1.3.7: The associator subloop of a loop L (denoted 
by A(L)) is the subloop generated by all of its associators, that 
is ({x g L/x = (a, b, c) for some a, b, c gL}). 

DEFINITION 1.3.8: The centre Z(L) of a loop L is the 
intersection of the nucleus and the Moufang centre, that is Z(L) 
= C(L) rN(L). 

DEFINITION [35] : A normal subloop of a loop L is any subloop 
of L which is the kernel of some homomorphism from L to a 
loop. 

Further Pflugfelder [25] has proved the central subgroup Z(L) of 
a loop L is normal in L. 

DEFINITION [35]: Let L be a loop. The centrally derived 
subloop (or normal commutator- associator subloop) of L is 
defined to be the smallest normal subloop L' crL such that L / L' 
is an abelian group. 

Similarly nuclearly derived subloop (or normal associator 
subloop) of L is defined to be the smallest normal subloop Li cr 
L such that L / Lj is a group. Bruck proves L' and Lj are well 
defined. 

DEFINITION [35]: The Frattini subloop (j)(L) of a loop L is 
defined to be the set of all non-generators of L, that is the set of 
all x g L such that for any subset S of L, L = (x, S) implies L = 
(S). Bruck has proved as stated by Tim Hsu (j)(L) cr L and L / 
(jfL) is isomorphic to a subgroup of the direct product of groups 
of prime order. 

DEFINITION [22]: Let L be a loop. The commutant ofL is the set 
(L) = {a € L / ax = xa Vx g L}. The centre of L is the set of all 
a g C(L) such that a »xy = ax • y = x • ay = xa • y and xy • a 
= x • ya for all x, y g L. The centre is a normal subloop. The 
commutant is also known as Moufang Centre in literature. 
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DEFINITION [23]: A left loop ( B , •) is a set B together with a 
binary > operation '•'such that (i) for each a e B, the mapping x 
—> a • x is a bijection and Hi) there exists a two sided identity > 
1 e B satisfying l • x = x • l = x for every x e B. A right loop is 
defined similarly. A loop is both a right loop and a left loop. 

DEFINITION [11] : A loop L is said to have the weak Lagrange 
property if for each subloop K of L, \K\ divides \L\. It has the 
strong Lagrange property if every subloop K of L has the weak 
Lagrange property. 

DEFINITION 1.3.9: A loop L is said to be power-associative in 
the sense that every element of L generates an abelian group. 

DEFINITION 1.3.10: A loop L is diassociative loop if every > pair 
of elements of L generates a subgroup. 

DEFINITION 1.3.11: A loop L is said to be a Moufang loop if it 
satisfies any one of the following identities: 

i. (xy) (zx) = (x(yz))x 

ii. ((xy)zjy = x(y(zyf) 

iii. x(y(xz) = ((xy)x)z 
for all x, y, z € L. 

DEFINITION 1.3.12: Let L be a loop, L is called a Bruck loop if 
x(yx)z = x(y(xz)) and (xyf = x y for all x, y, z g L. 

DEFINITION 1.3.13: A loop (L, •) is called a Bol loop if ((xy)z)y 
= x((yz)y) for all x, y, z £ L. 

DEFINITION 1.3.14: A loop L is said to be right alternative if 
(xy)y = x(yy) for all x, y £ L and L is left alternative if (xx)y = 
x(xy) for all x, y g L. L is said to be an alternative loop if it is 
both a right and left alternative loop. 

DEFINITION 1.3.15: A loop (L, •) is called a weak inverse 
property loop (WIP-loop) if (xy)z = e imply x(yz) = e for all x, y, 
Z £ L. 
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DEFINITION 1.3.16: A loop L is said to be semi alternative if (x, 
y, z) = (y, z, x) for all x, y, z g L, where (x, y, z) denotes the 
associator of elements x, y, z g L. 

Theorem (MOUFANG'S THEOREM): Every Moufang loop G is 
diassociative more generally, if a, b, c are elements in a 
Moufang loop G such that (ab)c = a(bc) then a, b, c generate an 
associative loop. 

The proof is left for the reader; for assistance refer Bruck R.H. 

[3]. 

DEFINITION 1.3.17: Let L be a loop, L is said to be a two 
unique product loop (t.u.p) if given any two non-empty finite 
subsets A and B of L with \A\ + \B\> 2 there exist at least two 
distinct elements x and y ofL that have unique representation in 
the from x = ab and y = cd with a, c g A and b, d g B. 

A loop L is called a unique product (u.p) loop if given A 
and B two non-empty finite subsets of L, then there always exists 
at least one x g L which has a unique representation in the from 
x = ab, with a g A and b g B. 

DEFINITION 1.3.18: Let (L, •) be a loop. The principal isotope 
(L, *) of (L, •) with respect to any predetermined a, b g L is 
defined by x *y = XY, for all x, y g L, where Xa = x and bY = y 
for some X, Y g L. 

DEFINITION 1.3.19: Let L be a loop, L is said to be a G-loop if 
it is isomorphic to all of its principal isotopes. 

The main objective of this section is the introduction of a new 
class of loops with a natural simple operation. As to introduce 
loops several functions or maps are defined satisfying some 
desired conditions we felt that it would be nice if we can get a 
natural class of loops built using integers. 

Here we define the new class of loops of any even order, 
they are distinctly different from the loops constructed by other 
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researchers. Here we enumerate several of the properties 
enjoyed by these loops. 



DEFINITION [41]: Let L n (m) = {e, 1, 2, ..., nj be a set where n 
> 3, n is odd and m is a positive integer such that (m, n) = 1 
and (m -1, n) = 1 with m < n. 

Define on L n (m) a binary > operation as follows: 

i. e • i = i • e = i for all i eL n (m) 

ii. i = i • i = e for all i e L n (m) 

iii. i •/ = t where t = (mj - (m - l)i) (mod n) 

for all i, j € L n (m); i ^ j, i ^ e and j ^ e, then L n (m) is a loop 

under the binary operation 

Example 1.3.1: Consider the loop Ls(2) = {e, 1, 2, 3, 4, 5}. The 
composition table for 1^(2) is given below: 



• 


e 


1 


2 


3 


4 


5 


e 


e 


1 


2 


3 


4 


5 


1 


1 


e 


3 


5 


2 


4 


2 


2 


5 


e 


4 


1 


3 


3 


3 


4 


1 


e 


5 


2 


4 


4 


3 


5 


2 


e 


1 


5 


5 


2 


4 


1 


3 


e 



This loop is of order 6 which is both non-associative and non- 
commutative. 

Physical interpretation of the operation in the loop L n (m): 

We give a physical interpretation of this class of loops as 
follows: Let L n (m)= {e, 1, 2, ... , n} be a loop in this identity 
element of the loop are equidistantly placed on a circle with e as 
its centre. 

We assume the elements to move always in the clockwise 
direction. 
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Let i, j e L n (m) (i ^ j, i ^ e, j ^ e). If j is the r th element from i 
counting in the clockwise direction the i • j will be the t th 
element from j in the clockwise direction where t = (m -l)r. We 
see that in general i • j need not be equal to j • i. When i = j we 
define i 2 = e and i • e = e • i = i for all i e L n (m) and e acts as 
the identity in L n (m). 

Example 1.3.2: Now the loop L?(4 ) is given by the following 
table: 



• 


e 


1 


2 


3 


4 


5 


6 


7 


e 


e 


1 


2 


3 


4 


5 


6 


7 


1 


1 


e 


5 


2 


6 


3 


7 


4 


2 


2 


5 


e 


6 


3 


7 


4 


1 


3 


3 


2 


6 


e 


7 


4 


1 


5 


4 


4 


6 


3 


7 


e 


1 


5 


2 


5 


5 


3 


7 


4 


1 


e 


2 


6 


6 


6 


7 


4 


1 


5 


2 


e 


3 


7 


7 


4 


1 


5 


2 


6 


3 


e 



7 
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Let 2, 4 g Ly(4). 4 is the 2 nd element from 2 in the clockwise 
direction. So 2.4 will be (4 - 1)2 that is the 6 th element from 4 
in the clockwise direction which is 3. Hence 2.4 = 3. 

Notation : Let L n denote the class of loops. L n (m) for fixed n 
and various m's satisfying the conditions m < n, (m, n) = 1 and 
(m - 1, n) = 1, that is L n = {L n (m) | n > 3, n odd, m < n, (m, n) = 
1 and (m-l, n) = 1 }. 

Example 1.3.3: Let n = 5. The class L 5 contains three loops; viz. 
Ls(2), Ls( 3) and Ls(4) given by the following tables: 

L 5 (2) 



• 


e 


1 


2 


3 


4 


5 


e 


e 


1 


2 


3 


4 


5 


1 


1 


e 


3 


5 


2 


4 


2 


2 


5 


e 


4 


1 


3 


3 


3 


4 


1 


e 


5 


2 


4 


4 


3 


5 


2 


e 


1 


5 


5 


2 


4 


1 


3 


e 



L 5 (3) 



• 


e 


1 


2 


3 


4 


5 


e 


e 


1 


2 


3 


4 


5 


1 


1 


e 


4 


2 


5 


3 


2 


2 


4 


e 


5 


3 


1 


3 


3 


2 


5 


e 


1 


4 


4 


4 


5 


3 


1 


e 


2 


5 


5 


3 


1 


4 


2 


e 



L 5 (4) 



• 


e 


1 


2 


3 


4 


5 


e 


e 


1 


2 


3 


4 


5 


1 


1 


e 


5 


4 


3 


2 


2 


2 


3 


e 


1 


5 


4 


3 


3 


5 


4 


e 


2 


1 


4 


4 


2 


1 


5 


e 


3 


5 


5 


4 


3 


2 


1 


e 
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THEOREM [27] : Let L n be the class of loops for any n > 3, if 
n = p“' pf ... pf (at > 1, for i = 1, 2, ... , k), then \L n \ = 

k 

n(/>, - 2) p“‘~ l where \L n \ denotes the number of loops in L n . 



The proof is left for the reader as an exercise. 

THEOREM [27]: L n contains one and only one commutative loop. 
This happens when m = (n + 1) / 2. Clearly for this m, we have 
(m, n) = 1 and (m - 1, n) = 1. 

It can be easily verified by using simple number theoretic 
techniques. 

THEOREM [27]: Let L„ be the class of loops. If 

n = p“ l pf ■ ■ ■ pf , then L n contains exactly F n loops which are 

k 

strictly non-commutative where F n = n(p ; -3) /if' -1 . 



The proof is left for the reader as an exercise. 

Note : If n = p where p is a prime greater than or equal to 5 then 
in L n a loop is either commutative or strictly non-commutative. 
Further it is interesting to note if n = 3t then the class L n does 
not contain any strictly non-commutative loop. 

THEOREM [32]: The class of loops L n contains exactly one left 
alternative loop and one right alternative loop but does not 
contain any alternative loop. 

Proof. We see L n (2) is the only right alternative loop that is 
when m = 2 (Left for the reader to prove using simple number 
theoretic techniques). When m = n -1 that is L n (n -1) is the only 
left alternative loop in the class of loops L n . 

From this it is impossible to find a loop in L n , which is 
simultaneously right alternative and left alternative. Further it is 
clear from earlier result both the right alternative loop and the 
left alternative loop is not commutative. 
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THEOREM [27]: Let L n be the class of loops: 



i. L„ does not contain any Moufang loop. 

ii. L n does not contain any Bol loop. 

Hi. L n does not contain any Bruck loop. 

The reader is requested to prove these results using number 
theoretic techniques. 

THEOREM [41]: Let L n (m) e L n . Then L n (m) is a weak inverse 
property (WIP) loop if and only if (m~ - m + 1) =0(mod n). 

Proof. It is easily checked that for a loop to be a WIP loop we 
have "if (xy)z = e then x(yz) = e where x, y, z e L." Both way 
conditions can be derived using the defining operation on the 
loop L n (m). 

Example 1.3.4: L be the loop 1^(3) = {e, 1, 2, 3, 4, 5, 6 , 7} be 
in L 7 given by the following table: 



• 


e 


1 


2 


3 


4 


5 


6 


7 


e 


e 


1 


2 


3 


4 


5 


6 


7 


1 


1 


e 


4 


7 


3 


6 


2 


5 


2 


2 


6 


e 


5 


1 


4 


7 


3 


3 


3 


4 


7 


e 


6 


2 


5 


1 


4 


4 


2 


5 


1 


e 


7 


3 


6 


5 


5 


7 


3 


6 


2 


e 


1 


4 


6 


6 


5 


1 


4 


7 


3 


e 


2 


7 


7 


3 


6 


2 


5 


1 


4 


e 



2 

It is easily verified Ly(3) is a WIP loop. One way is easy for (m“ 
- m + 1) = 0 (mod 7) that is9-3 + l= 9 + 4+ l= 0(mod 7). It 
is interesting to note that no loop in the class L n contain any 
associative loop. 
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THEOREM [27]: Let L n be the class of loops. The number of 
strictly non-right (left) alternative loops is P n where 

k k 

P = n (p. - 3 )pf~' and n = U p a y . 

1=1 i = 1 

The proof is left for the reader to verify. 

Now we proceed on to study the associator and the 
commutator of the loops in L n . 

THEOREM [27]: Let L n (m) e L n . The associator A(L n (m)) = 
L„(m). 

For more literature about the new class of loops refer [41, 47]. 

DEFINITION 1.3.20: Let (L, */, ..., *n) be a non empty set with 
N binary operations L is said to be a N loop if L satisfies the 
following conditions: 

i. L = Li u L 2 u ...u Ln where each Lj is a proper 
subset of L; i.e., Lj gt Lj or Lj g£ Lj if i & j for 1 < i, j < 
N. 

ii. (Li, *i) is a loop for some i, 1 <i <N. 

iii. (Lj, *j ) is a loop or a group for some j, 1 <j <N. 

For a N-loop we demand atleast one (Lj, *- ) to be a loop. 

Definition 1.3.21: Let (L = Lj uL 2 u ... uL N , */, *n) be 

a N-loop. L is said to be a commutative N-loop if each (Lj, *j) is 
commutative, i = 1, 2, ..., N. We say L is inner commutative if 
each of its proper subset which is N-loop under the binary 
operations ofL are commutative. 

Definition 1.3.22: Let L = {L } uL 2 u ... uL N , */, * 2 , ..., * N } 
be a N-loop. We say L is a Moufang N-loop if all the loops (Li, 
*i) satisfy the following identities. 

i. (xy) (zx) = (x(yz))x 

ii. ((xyjz)y = x(y(zy)) 
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x(y(xz)) = ( (xy)x)z 



iii. 



for all x, y, z g L it i = 1, 2, ..., N. 

Now we proceed on to define a Brack N-loop. 



Definition 1.3.23: Let L = (h uL 2 u ... uL N , */, .... * N ) be 
a N-loop. We call L a Brack N-loop if all the loops (L b *, ) 
satisfy the identities 

i. (x(yz))z = x(y(xz)) 

ii. (xy) 1 = x y 1 

for all x, y g L i, i = 1, 2, ..., N. 

Definition 1.3.24: Let L = (L, uL 2 u ... uL N , */, ..., * N ) be 
a N-loop. A non empty subset P of L is said to be a sub N-loop, 
if P is a N-loop under the operations of L i.e., P = {P ; u P 2 u 
P 3 u ... uPm, * 1 , ..., *n} with each {Pi, *i} is a loop or a group. 



Definition 1.3.25: Let L = (Li uL 2 u ... uL N , * lt ..., * N } be 
a N-loop. A proper subset P of L is said to be a normal sub N- 
loop of L if 

i. P is a sub N-loop of L. 

ii. Xj Pi = Pj Xifor all Xj e Li, 

iii. y t (Xi Pi) = (y l x) Pi for all x t y t g L,. 

A N-loop is said to be a simple N-loop if L has no proper- 
normal sub N-loop. 

Now we proceed on to define the notion of Moufang center. 



Definition 1.3.26: Let L = { L ; uL 2 u ... uL N , */, * N j be 
a N-loop. We say Cn(L) is the Moufang N-centre of this N-loop 
if Cn(L) = CfLi) uC 2 (L 2 ) u ... uCn(Ln) where CfLj) = {xj g 
L j/xiVi = yiXjfor all Vi g Lf i =7, 2, ..., N. 
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DEFINITION 1.3.27: Let L and P to two N-loops i.e. L = {Li u 
L 2 o ... o Ln, */, ..., *n} and P = {Pj o P 2 o ... o Pn, oj, ..., 
on}- We say a map 0 : L —> P is a N-loop homomorphism if 6 = 
Oi u 02 O' ... u On ‘o’ is just a symbol and 6j is a loop 
homomorphism from Lj to Pi for each i = 1, 2, ..., N. 

Definition 1.3.28: Let L = {Li uL 2 o ... uL Nt */, ..., * N } be 
a N-loop. We say L is weak Moufang N-loop if there exists 
atleast a loop (L h ) such that L t is a Moufang loop. 

Note: L; should not be a group it should be only a loop. 

Definition 1.3.29: Let L = {Li uL 2 o ... u L N , *i, .... *\j be 
a N-loop. If x and y € L are elements of Lj the N-commutator (x, 
y) is defined as xy = (yx) (x, y), 1 <i <N. 

Definition 1.3.30: Let L = {L l uL 2 u...uL N , *n} be a 
N-loop. If x, y, z are elements of the N-loop L, an associator (x, 
y, z) is defined only if x, y, z e Li for some i (1 < i < N) and is 
defined to be (xy) z = (x (y z)) (x, y, z). 

Definition 1.3.31: Let L = {L t uL 2 o ... uL N , *i, * 2 , .... *n} 
be a N-loop of finite order. For at e Lj define R a as a 

permutation of the loop Li, R a : x, o x,a t . This is true for i = 1, 
2,..., N we define the set 

u R a 2 u -^ R a N | «, e f;i = 1, 2, ...,n) 
as the right regular N-representation of the N loop L. 



Definition 1.3.32: Let L = {Lj uL 2 u ... uL N , ..., be 
a N-loop. For any pre determined pair au bj e L h i e {1, 2, ..., 
N} a principal isotope (L, oj, ..., of, of the N loop L is defined 
by Xi Oi yi = Xj *,■ Yj where Xj + a, = x, and bj + 7, = y,-, i = 1,2,.., 
N. L is called G-N-loop if it is isomorphic to all of its principal 
isotopes. 
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1.4 Groupoids and N-groupoids 



In this section we just recall the notion of groupoids. We also 
give some new classes of groupoids constructed using the set of 
modulo integers. This book uses in several examples the 
groupoids from these new classes of groupoids For more about 
groupoids please refer [45]. 

DEFINITION 1.4.1: Given an arbitrary set P a mapping ofPxP 
into P is called a binary operation on P. Given such a mapping 
a : P x P —> P we use it to define a product * in P by declaring 
a * b = c if a (a, b) = c. 

DEFINITION 1.4.2: A non empty set of elements G is said to 
form a groupoid if in G is defined a binary operation called the 
product denoted by * such that a *b g G for all a, b g G. 

DEFINITION 1.4.3: A groupoid G is said to be a commutative 
groupoid if for even’ a, b g G we have a *b = b * a. 

DEFINITION 1.4.4: A groupoid G is said to have an identity 
element e in G if a *e = e*a = a for all a g G. 

DEFINITION 1.4.5: Let (G, *) be a groupoid a proper subset H 
crG is a subgroupoid if (H, *) is itself a groupoid. 

DEFINITION 1.4.6: A groupoid G is said to be a Moufang 
groupoid if it satisfies the Moufang identity (xy) (zx) = (x(yz))x 
for all x, y, z in G. 

DEFINITION 1.4.7: A groupoid G is said to be a Bol groupoid if 
G satisfies the Bol identity ((xy) z) y = x ((yz) y) for all x, y, z in 

G. 

DEFINITION 1.4.8: A groupoid G is said to be a P-groupoid if 
(xy) x = x (yx) for all x, y g G. 

DEFINITION 1.4.9: A groupoid G is said to be right alternative 
if it satisfies the identity (xy) y = x (yy) for all x, y g G. 
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Similarly we define G to be left alternative if (xx) y = x (xy) for 
all x, y e G. 

DEFINITION 1.4.10: A groupoid G is alternative if it is both 
right and left alternative, simultaneously. 

DEFINITION 1.4.11: Let (G, *) be a groupoid. A proper subset 
H of G is said to be a subgroupoid of G if (H, *) is itself a 
groupoid. 

DEFINITION 1.4.12: A groupoid G is said to be an idempotent 
groupoid if x = x for all x e G. 

DEFINITION 1.4.13: Let G be a groupoid. P a non empty proper 
subset of G, P is said to be a left ideal of the groupoid G if 1) P 
is a subgroupoid of G and 2) For all x € G and a € P, xa € P. 
One can similarly define right ideal of the groupoid G. P is 
called an ideal if P is simultaneously a left and a right ideal of 
the groupoid G. 

DEFINITION 1.4.14: Let G be a groupoid A subgroupoid V of G 
is said to be a normal subgroupoid of G if 

i. aV = Va 

ii. ( Vx)y = V(xy) 

Hi. y(xV) = (yx)V 

for all x, y, a e V. 

DEFINITION 1.4.15: A groupoid G is said to be simple if it has 
no non trivial normal subgroupoids. 

DEFINITION 1.4.16: A groupoid G is normal if 

i. xG = Gx 

ii. G(xy) = (Gx)y 

iii. y(xG) = (yx)G for all x, y € G. 
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DEFINITION 1.4.17: Let G be a groupoid H and K be two 
proper subgroupoids of G, with H n K = </>. We say H is 
conjugate with K if there exists ax g H such that H = x K or Kx 
('or' in the mutually exclusive sense). 

Definition 1.4.18: Let (G h 6,), (G 2 , 0 2 ), ... , (G n , Of be n 
groupoids with 0j binary operations defined on each Gj, i = 1, 2, 
3, ... , 77. The direct product of G/, ... , G n denoted by G = Gj x 
... x G n = {( gi , ... , g n ) | gj g GJ by component wise 
multiplication on G, G becomes a groupoid. 

For if g = (gj, ... , g n ) and h = (hi, ... , h n ) then g • h = 
{(g i Ojh /, g 2 0 2 h 2 , ... , g n 6 n h n )}. Clearly, gh g G. Hence G is a 
groupoid. 

DEFINITION 1.4.19: Let G be a groupoid we say an element e g 
G is a left identity if ea = a for all a g G. Similarly we can 
define right identity of the groupoid G, if e e G happens to be 
simultaneously both right and left identity we say the groupoid 
G has an identity. 

DEFINITION 1.4.20: Let G be a groupoid. We say a in G has 
right zero divisor if a *b = 0 for some b r*0 in G and a in G has 
left zero divisor ifb * a = 0. We say G has zero divisors if a • b 
= 0 and b * a = 0 for a, b e G \ {0} A zero divisor in G can be 
left or right divisor. 



DEFINITION 1.4.21: Let G be a groupoid. The center of the 
groupoid C (G) = {x gG \ ax = xa for all a g G}. 

DEFINITION 1.4.22: Let G be a groupoid. We say a, b g G is a 
conjugate pair if a = bx (or xa for some x g G) and b = ay (or 
ya for some y g G). 

DEFINITION 1.4.23: Let G be a groupoid of order n. An element 
a in G is said to be right conjugate with b in G if we can find x, 
y g G such that a • x = b and b • y = a (x * a = b and y * b = 
a). Similarly, we define left conjugate. 
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DEFINITION 1.4.24: Let Z + be the set of integers. Define an 
operation * on Z + by x * y = mx + ny where m, n £ Z , m < oc 
and n < oc (m, n) = 1 and m # n. Clearly {Z , *, (m, n)} is a 
groupoid denoted by Z + On, n). We have for varying m and n get 
infinite number of groupoids of infinite order denoted by Z . 

Here we define a new class of groupoids denoted by Z(n) using 
Z n and study their various properties. 

Definition 1.4.25: LetZ n = {0, 1, 2, ... , n~l} n >3. Fora, b 
£ Z n l {0} define a binary operation * on Z n as follows, a * b = 
ta + ub (mod n) where t, u are 2 distinct elements in Z n 1 {0} 
and (t, u) =1 here ' + ' is the usual addition of 2 integers and ' 
ta ' means the product of the two integers t and a. We denote 
this groupoid by {Z n , (t, u), *} or in short by Z n (t, u). 

It is interesting to note that for varying t, u e Z n \ {0} with (t, u) 
= 1 we get a collection of groupoids for a fixed integer n. This 
collection of groupoids is denoted by Z(n) that is Z(n) = {Z n , (t, 
u), * | for integers t, u e Z n \ {0} such that (t, u) = 1}. Clearly 
every groupoid in this class is of order n. 

Example 1.4.1: Using Z 3 = {0, 1, 2}. The groupoid {Z 3 , (1, 2), 
*} = (Z 3 (1, 2)) is given by the following table: 



* 


0 


1 


2 


0 


0 


2 


1 


1 


1 


0 


2 


2 


2 


1 


0 



Clearly this groupoid is non associative and non commutative 
and its order is 3. 

THEOREM 1.4.1: Let Z n = {0, 1, 2, ... , n}. A groupoid in Z (n) is 

2 2 

a semigroup if and only if t =t (mod n) and u =u (mod n) for t, 
u £ Z n l {0} and (t, u) = 1. 
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THEOREM 1.4.2: The groupoid Z n (t, u) is an idempotent 
groupoid if and only if t + u =1 (mod n). 

THEOREM 1.4.3: No groupoid in Z (n) has {0} as an ideal. 

THEOREM 1.4.4: P is a left ideal ofZ n (t, u) if and only if P is a 
right ideal ofZ n (u, t). 

THEOREM 1.4.5: Let Z n (t, u) be a groupoid. If n = t + u where 
both t and u are primes then Z n (t, u) is simple. 



Definition 1.4.26: Let Z n = {0, 1, 2 , ... , n -1} n >3, n < or. 
Define * a closed binary operation on Z n as follows. For any a, 
b e Z n define a * b = at + bu (mod n) where (t, u) need not 
always be relatively prime but t ^u and t, u e Z n l {()}. 

THEOREM 1.4.6: The number of groupoids in Z*(n) is (n - 1) (n 
- 2 ). 



THEOREM 1.4.7: The number of groupoids in the class Z (n) is 
bounded by (n - 1) (n - 2). 

THEOREM 1.4.8: Let Z n (t, u) be a groupoid in Z*(n) such that 
(t, u) = t, n = 2m, t / 2m and t + u = 2m. Then Z n (t, u) has 
subgroupoids of order 2m / 1 or n / 1. 



Proof: Given n is even and t + u = n so that u = n - 1. 

Thus Z n (t, u) = Z n (t, n - t). Now using the fact 



fn 


\ 


--1 


t 


V t ) 


I 



t > that is t . Z n has only n / t 



t-Z n = 0,t, 2t, 3t, ... , 



elements and these n / 1 elements from a subgroupoid. Hence Z n 
(t, n - 1) where (t, n - 1) = t has only subgroupoids of order n / 1. 



Definition 1.4.27: Let Z n = {(), 1, 2, ... , n - 1} n >3, n < or. 
Define * on Z n as a * b = ta + ub (mod n) where t and u e Z n l 
{0} and t can also equal u. For a fixed n and for varying t and u 
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we get a class of groupoids of order n which we denote bv 
Z**(n). 

Definition 1.4.28: Let Z„ = {0, 1, 2, ... , n - 1} n >3, n < or. 
Define * on Z n as follows, a * b = ta + ub (mod n) where t, u e 
Z n . Here t or u can also be zero. 

Definition 1.4.29: Let G = (Gi uG 2 u ... uG N ; *i, ..., *n) 
be a non empty set with N-binary operations. G is called the N- 
groupoid if some of the Gi ’s are groupoids and some of the Gj ’s 
are semigroups, i and G = G/ uGt u ... u Gn is the union 
of proper subsets of G. 

Definition 1.4.30: Let G = (Gi u G 2 u ... u G N ; * 1 , * 2 , ..., 
*n) be a N-groupoid. The order of the N-groupoid G is the 
number of distinct elements in G. If the number of elements in G 
is finite we call G a finite N-groupoid. If the number of distinct 
elements in G is infinite we call G an infinite N-groupoid. 

Definition 1.4.31: Let G = {Gi u G 2 u ... u Gn, * 1 , * 2 , .... 
*n} be a N-groupoid. We say a proper subset H ={H 1 u Hi u 
... uHn, * 1 , * 2 , ■■■, *n} of G is said to be a sub N-groupoid of 
GifH itself is a N-groupoid of G. 

Definition 1.4.32: Let G = (Gi u G 2 u ... uG N , * 1 , * 2 , .... 
*n) be a finite N-groupoid. If the order of every sub N-groupoid 
H divides the order of the N-groupoid, then we say G is a 
Lagrange N-groupoid. 

It is very important to mention here that in general every N- 
groupoid need not be a Lagrange N-groupoid. 

Now we define still a weaker notion of a Lagrange N-groupoid. 

Definition 1.4.33: Let G = (Gi uG 2 u ... uG N , * 1 , ..., * N ) 
be a finite N-groupoid. If G has atleast one nontrivial sub N- 
groupoid H such that o(H) / o(G) then we call G a weakly 
Lagrange N-groupoid. 
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Definition 1.4.34: Let G = (Gi UG 2 u ... uG N , * 1 , * 2 , •••, 
*n) be a N groupoid. A sub N groupoid V = Vj u V 2 u ... uVn 
of G is said to be a normal sub N-groupoid of G; if 

i. a Vi = Vi a, i = 1, 2, ..., N whenever a € Vi 

ii. Vi (xy) = (Vjx) y, i = 1, 2, ..., Nforx, y € Vi 

iii. y (x Vi) = (xy) Vj , i = 1, 2, ..., Nforx, y £ Vj. 

Now we say a N-groupoid G is simple if G has no nontrivial 
normal sub N-groupoids. 

Now we proceed on to define the notion of N-conjugate 
groupoids. 

Definition 1.4.35: Let G = (Gi u G 2 u ... uG Nt * 1 , ..., * N ) 
be a N-groupoid. Let H = {Hi u ... u H n; * 1 , ..., and K = 
{Kj UK 2 u ... uKff, * 1 , ..., *n} be sub N-groupoids of G = Gi 
UG 2 u ... ^Gn; where Hi, Kj are subgroupoids of Gi (i = 1, 2, 
..., N). 

Let K n H = f We say H is N-conjugate with K if there 

exists Xi € Hi such that Xj Kj = Hj (or Kj Xj = H,) for i = 1, 2, ..., 

N 'or’ in the mutually exclusive sense. 

Definition 1.4.36: Let G = (Gi u G 2 u ... uG N , * 1 , * 2 , ■■■, 
*n) be a N-groupoid. An element x in G is said to be a zero 
divisor if their exists a y in G such that x *,■ y = y x = 0 for 
some i in {1, 2, ..., N}. 

We define N-centre of a N-groupoid G. 

Definition 1.4.37: Let G = (Gi UG 2 u ... uG N , * 1 , * 2 , .... 
*n) be a N-groupoid. The N-centre of (Gj u G 2 u ... u Gn, 
* 1 , ..., *n) denoted by NC (G) = {xj e Gi \ xj ai = ai xj for all 
ai e Gi} u {x 2 £ G 2 | X 2 a 2 = 02 X 2 for all a 2 £ G 2 } u ... u 
{xn e Gn \ xn on = a# xn far all aN £ Gfa = 

N 

eG\x i a i =a i x i for all a l eG i J = NC (G). 

i= 1 
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1.5 Mixed N-algebraic Structures 

In this section we proceed onto define the notion of N-group- 
semigroup algebraic structure and other mixed substructures and 
enumerate some of its properties. 

Definition 1.5.1: Let G = {Gi u G 2 u ... u G N , */, .... *n} 
where some of the G(s are groups and the rest of them are 
semigroups. Gj’s are such that G j f Gj or Gj f G / if i nj, i.e. 

Gj ’s are proper subsets of G. */, *n are N binary operations 
which are obviously are associative then we call G a N-group 
semigroup. 

We can also redefine this concept as follows: 

DEFINITION 1.5.2: Let G be a non empty set with N-binary 
operations */, ..., We call G a N-group semigroup if G 
satisfies the following conditions: 

i. G = G i u G 2 u ... u Gn such that each Gi is a proper- 
subset of G (By proper subset Gj of G we mean Gi f Gj 
or Gj f Gi if i ^j. This does not necessarily imply Gj n 

Gj=§. 

ii. (Gj, *j) is either a group or a semigroup, i = 1, 2, ..., N. 

iii. At least one of the (Gi , *j) is a group. 

iv. At least one of the (Gj, *j) is semigroup i ^j. 

Then we call G = { Gi u G 2 u ... u Gn, *i, .... *n} to be a N- 
group semigroup ( 1 <i,j < N). 

Definition 1.5.3: Let G = {G t uG 2 u ... uG N , */, * N } be 

a N -group-semigroup. We say G is a commutative N-group 
semigroup if each (Gj, *j) is a commutative structure, i = 1, 2, 
.... N. 
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Definition 1.5.4 -.Let G = {Gi uG 2 u ... uG N , */, * N } be 

a N -group. A proper subset P of G where (Pi uP 2 u ... uPn, 
* 1 , ..., *n) is said to be a N-subgroup of the N-group semigroup 
G if each (Pj, *j) is a subgroup of (Gi, *i); i = 1, 2, ..., N. 

Definition 1.5.5: Let G = {Gi uG 2 u ... uG N , ..., * N } be 
a N-group semigroup where some of the (Gi, *,• ) are groups and 
rest are (Gj, *f) are semigroups, 1 < i, j <N. A proper subset P 
of G is said to be a N -subsemigroup ifP = {Pi u P 2 u ... uPn, 
* 1 , ..., *n} where each (Pi, ) is only a semigroup under the 
operation 

Now we proceed on to define the notion of N-subgroup 
semigroup of a N-group semigroup. 

Definition 1.5.6: Let G = {Gi uG 2 u ... uG N , */, * N } be 

a N-group semigroup. Let P be a proper subset of G. We say P 
is a N-subgroup semigroup ofGifP = {Pi uP 2 u ... uPn, *i, 
..., and each (Pi, *,) is a group or a semigroup. 

Definition 1.5.7: Let G = {Gi uG 2 u ... uG N , *i, ..., * N } be 
a N-group semigroup. We call a proper subset P of G where P 
= {Pi uP 2 u ... uPn, * i , ..., *n} to be a normal N-subgroup 
semigroup of G if (Gi, *i) is a group then (Pi, *j) is a normal 
subgroup of Gj and if (Gj, *j) is a semigroup then (Pj, *j) is an 
ideal of the semigroup Gj. If G has no normal N-subgroup 
semigroup then we say N-group semigroup is simple. 

Definition 1.5.8: Let L = {Li uL 2 u ... uL N , * N } be a 
non empty set with N-binary operations defined on it. We call L 
a N-loop groupoid if the following conditions are satisfied: 

i. L =Li uL 2 u ... u L n where each Li is a proper subset 
of L i.e. Lj gt Lj or Lj g£ Lj if i ^j, for 1 < i, j <N. 

ii. (Li , *i ) is either a loop or a groupoid. 
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There are some loops and some groupoids in the 
collection {Lj, ..., L,y/. 



Hi. 



Clearly L is a non associative mixed N-structure. 

Definition 1.5.9: Let L = {Li u L 2 u ... uL N , *1, ..., * N } be a 
N-loop groupoid. L is said to be a commutative N-loop 
groupoid if each of {Lj, *i} is commutative. 

Now we give an example of a commutative N-loop groupoid. 



Definition 1.5.10: Let L = {Lj uL 2 u ... uL Nt ..., * N } be 
a N-loop groupoid. A proper subset P of L is said to be a sub N- 
loop groupoid if P = {Pi u P 2 u ... u Pm, *1, ..., *n} be a N- 
loop groupoid. A proper subset P = {Pi uP 2 u ... uPn, *1, ..., 
*n} is such that if P itself is a N-loop groupoid then we call P 
the sub N-loop groupoid of L. 

Definition 1.5.11: Let L = {L t uL 2 u ... uL N , * 7 , ..., * N } be 
a N-loop groupoid. A proper subset G = {Gi u G 2 u ... u Gn, 
*/, ..., *n} is called a sub N -group if each (Gi, *; ) is a group. 



Definition 1.5.12: Let L = {Lj uL 2 u ... uL Nt * lt * N } be 
a N-loop groupoid. A proper subset T = {Tj uT 2 u ... uTn, * 7 , 
..., *n} is said to be a sub N-groupoid of the N-loop groupoid if 
each (Tj, *j) is a groupoid. 



Definition 1.5.13: Let L = (L, uL 2 u ... uL Nt */, ..., * N } be 
a N-loop groupoid. A non empty subset S = {Si u S 2 u...uSn, 
*1, ..., *n} is said to be a sub N-loop if each {Sj, *i} is a loop. 

Definition 1.5.14: Let L = {Li uL 2 u ... uL N , *7, ..., * N } be 
a N-loop groupoid. A non empty subset W = {Wi uW 2 u ... u 
Wm */, ..., *n} of L said to be a sub N-semigroup if each {Wi, 
*i} is a semigroup. 
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Definition 1.5.15: Let L = (Li uL 2 u ... uL N , * N } be 
a N-loop groupoid. Let R = {Ri uR 2 u ... uR */, *x}be a 
proper subset of L. We call R a sub N-group groupoid of the N- 
loop groupoid L if each {Ri, *,/ is either a group or a groupoid. 



Definition 1.5.16: Let L = {L 2 uL 2 u ... uL N , */, * N } be 

a N-loop groupoid of finite order. K = {Kj u K 2 u K 2 , */, 

*n} be a sub N-loop groupoid of L. If every: sub N-loop 
groupoid divides the order of the N-loop groupoid L then we 
call L a Lagrange N-loop groupoid. If no sub N-loop groupoid 
of L divides the order of L then we say L is a Lagrange free N- 
loop groupoid. 

Definition 1.5.17: Let L = {Li uL 2 u ... uL Nt */, * N } be 

a N-loop groupoid. We call L a Moufang N-loop groupoid if 
each (Li, */) satisfies the following identities: 

i. (xy) (zx) = (x (yz))x. 

ii. ((xy)z)y=x(y(2y)). 

iii. x (y (xz)) = (xy)x)z for x, y, z g Li, 1 < i < N. 

Thus for a N-loop groupoid to be Moufang both the loops and 
the groupoids must satisfy the Moufang identity. 

Definition 1.5.18: Let L = {Li uL 2 u...uL N , */. ..., * N } be a 
N-loop groupoid. A proper subset P (P = Pj u P 2 u ... u / J y, 
* 1 , ..., *n) of L is a normal sub N-loop groupoid of L if 

i. IfP is a sub N-loop groupoid of L. 

ii. Xi Pi = Pi Xi (where Pi = P n Li). 

iii. y t (xj Pi) = (y>i xf Pi for all x t , y t e L,. 

This is true for each Pi , i.e., for i = 1, 2, ..., N. 

Definition 1.5.19: Let L = {Li u L 2 u ... uL N , */, *f 
and K = {Kj u K 2 u ... u Kn, */, be two N-loop 

groupoids such that if (Li, * { ) is a groupoid then {Kj, *,/ is also 
a groupoid. Likewise if (Lj, *j) is a loop then (Kj, f) is also a 
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loop true for 1 < i, j <N. A map 9 = Oi u (h u ... u 9 m from L 
to K is a N-loop groupoid homomorphism if each O t : Lj —> K t is 
a groupoid homomorphism and 9j : Lj —> Kj is a loop 
homomorphism 1 < i,j< N. 



Definition 1.5.20: Let L = {Li uL 2 u ... uL Nt * N } be 

a N-loop groupoid and K = { Kj uK 2 u ... uKm, *i, ..., *m} be 
a M-loop groupoid. A map (f>= <j>i u <j> 2 u ... u for from L to K 
is called a pseudo N-M-loop groupoid homomorphism if each 
fo L, —> K s is either a loop homomorphism or a groupoid 
homomorphism, 1 <t < N and 1 < s < M, according as L, and 
K s are loops or groupoids respectively (we demand N < Mfor if 
M > N we have to map two or more Li onto a single Kj which 
can not be achieved easily). 

Definition 1.5.21: Let L = {Li uL 2 u ... uL N , *i, ..., * N jbe 
a N-loop groupoid. We call L a Smarandache loop N-loop 
groupoid (S-loop N-loop groupoid) if L has a proper subset P = 
{Pi uP 2 u ... uPn, * i , ..., *n} such that each Pi is a loop i.e. P 
is a N-loop. 

Now we proceed on to define the mixed N-algebraic structures, 
which include both associative and non associative structures. 
Here we define them and give their substructures and a few of 
their properties. 

DEFINITION 1.5.22: Let A be a non empty set on which is 
defined N-binary closed operations */, ..., *n . A is called as the 
N-group-loop-semigroup-groupoid (N-glsg) if the following 
conditions, hold good. 

i. A = A] uA 2 u ... uA n where each Aj is a proper subset 
of A (i.e. At $£ Aj <£ or Aj <£ A t if (i *j). 

ii. (Aj, *j ) is a group or a loop or a groupoid or a 
semigroup (or used not in the mutually exclusive sense) 
I < i < N. A is a N -glsg only if the collection {A / , ..., 
Am} contains groups, loops, semigroups and groupoids. 
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Definition 1.5.23: Let A = (A / u ... <_v/f. v , */, w7?e/-e 

-4, are groups, loops, semigroups and groupoids. We call a non 
empty subset P = {Pi uP 2 u ... uPn, *i, ..., *n} of A, where Pi 
= P n Aj is a group or loop or semigroup or groupoid 
according as Aj is a group or loop or semigroup or groupoid. 
Then we call P to be a sub N-glsg. 

Definition 1.5.24: Let A = { A t uA 2 u ... uA N ; * h ..., * N } be 
a N-glsg. A proper subset T = ^T u } of A is 

called the sub K-group of N-glsg if each T. is a group from A r 

where A r can be a group or a loop or a semigroup of a groupoid 
but has a proper subset which is a group. 

Definition 1.5.25: Let A = { A i uA 2 u ...uA N ; */, * N } be 

a N-glsg. A proper subset T = {T’ u ... u7^ | is said to be sub 

r-loop of A if each T ij is a loop and T r is a proper subset of 

some A p . As in case of sub K-group r need not be the maximum 
number of loops in the collection A i, ..., An. 

Definition 1.5.26: Let A = {A / uA? u ...uA N ; */, ..., * N } be 
a N-glsg. Let P = {Pj u P 2 u ... uPn} be a proper subset of A 
where each Pi is a semigroup then we call P the sub u- 
semigroup of the N-glsg. 

Definition 1.5.27: Let A = {Ai uA 2 u ...uA N ; */, ..., * N j be 
a N-glsg. A proper subset C = { Cj uC 2 u ... uC t } of A is said 
to be a sub-t-groupoid of A if each Cj is a groupoid. 

Definition 1.5.28: Let A = { A ; uA 2 u ... uA N ; */, ..., * N } be 
a N-glsg. Suppose A contains a subset P = P L u ... u / J /( of A 

such that P is a sub K-group of A. If every! P-sub K-group of A 
is commutative we call A to be a sub-K-group commutative N- 

glsg- 
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If atleast one of the sub-K-group P is commutative we call 
A to be a weakly sub K-group-commutative N-glsg. If no sub K- 
group of A is commutative we call A to be a non commutative 
sub-K-group of N-glsg. 

For more about these notions please refer [50]. 
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Chapter Two 



Neutrosophic Groups and 
Neutrosophic N-Groups 



This chapter has three sections; first section deals with 
neutrosophic groups and their properties. In section two 
neutrosophic bigroups are introduced for the first time and 
analyzed. Section three defines the notion of neutrosophic N- 
groups. 

The notion of neutrosophic structures are defined for the 
first time. As in general case we, define the neutrosophic N- 
structure. Also when we define neutrosophic algebraic structure 
it need not be having all the properties. For we define the 
neutrosophic element as I where I is an indeterminate and I is 
such that I 2 = I. 

This equation I 2 = I does not imply I (I - 1 ) = 0 or any such 
relations. It is just like saying l 2 = I. So it is not an easy task to 
talk of inverse for we add or multiply I by a scalar c and call it 
as c + I or as cl which is a neutrosophic element. 

For instance when we say, let G = (Z 2 u I) generate a 
neutrosophic group under *+’, we have N(G) = {I, 1, 1 + I, 0} 
where 1 .1 = 1. 1 = I also (I + I) = 0 for I + I = 2. I = 01, as 2 = 0 
(mod 2). We call {0, 1, I, 1 + 1} to be the neutrosophic group 
generated by Z 2 u I. Here N(G) is a group under 

Note: We do not demand a neutrosophic group to be a group. 
But clearly it contains a group. For if (Z 2 \ {0} u I) generates 
the neutrosophic group under multiplication modulo 2{((Z 2 
\ {0} u I), x} is not a group under multiplication modulo 2. 
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